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This paper describes kinematically admissible velocity fields for forging of gear-like compo- 

nents such as involute spur gear, trapezoidal spline, square spline, serration and trochoidal gear. 

Half pitch of each gear-like component was divided into several deformation zones with respect 

to their tooth profile. A neutral surface has been used to represent the inward flow of material 

during a forging operation by using a hollow billet with a flat punch. By using the suggested 

kinematically admissible velocity fields, the power requirements were successfully calculated and 

they were compared with experimental inspections. As a result, the suggested velocity fields are 

shown to be useful to predict the forging load. The contour of neutral surface varied with the 

number of teeth. 
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I. Introduct ion 

Gear-like components are widely used in the 

fields of automobile, aircraft and shipping etc. 

Two groups of manufacturing methods for gear- 

like components ; cutting and non-cutt ing one 

are available in engineering industry. Forging of 

gear like components is one of the non-cutting 

methods. Its process has been developed recently 

[1-9] and complete filling up of materials into a 

die cavity is regarded as the most important factor 

to improve the dimensional accuracy. To achieve 

it, prediction of power requirement and relative 

pressure is a critical issue to be addressed in the 

forging process. Several upper bound solutions 

for gear-like components had been proposed to 

predict the forging load and relative pressure. 

Juneja et al. (1984) and Kondo et al. (1985) 

analysed forging of spur gear by upper bound 

method. They assumed the tooth profile as trap- 

ezoidal one instead of involute tooth profile for a 

simplification of analysis. Abdul and Dean (1986) 

assumed the side of teeth as a straight line parallel 

to the center line of a tooth. Normal velocity is 

discontinuous on the shear surface in the analyses 

done by Juneja et al. (1984) and Kondo et al. 
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(1985). The  velocity field proposed by Dean 

could not evaluate the boundary condi t ion at the 

surface of  the die. Cho  et al. (1996) suggested the 

upper bound solution for a involute spur gear 

with solid and hol low billets and calculated the 

power requirements.  As mentioned above, there 

are many reports about  forging of  gear-dike com- 

ponents. However,  they are limited to apply for 

only one type of  tooth profile like gear or spline. 

This paper proposes the velocity fields for 

forging o f  gear- l ike  components .  The forging 

loads are calculated from the suggested velocity 

fields by numerical  calculat ion using solid and 

hol low billets with a fiat punch. The  calculated 

solutions are compared with experimental  results. 

2. Velocity Fields for Deformation 
Zone 

The cylindrical  coordinate  system (r, 0, z) has 

been used in this analysis. Divis ion of  deforma- 

tion zone is necessary for upper bound analysis. 

To  do this, halt" pitch of  gear -like components  is 

divided into four parts as shown in Fig. 1. One is 

an axisymmetric part labeled [ . It is bounded by 

two planes of  symmetry and a neutral surface. 

Using solid billets, this part is not needed. 

Another  is an inner part labeled II- This part has 

two subzones except serration and t rochoidal  

gear. The third is a fillet part labeled [11 which 

exists in involute spur gear. The  fourth is a tooth 

part labeled IV. Dur ing forging process, material 

fills up to this part. 

Throughou t  the analysis, the fol lowing assump- 

tions are employed.  (1) The shape of  free f low 

surface is a circle centered at the gear center O. 

(2) The constant  friction factor is considered on 

the interface of  d ie /workpiece .  (3) The outer 

diameter  of  a billet is equal to that of  a root 

circle. (4) The material is homogeneous  and 

rigid plastic. The kinematical ly admissible veloc- 

ity field of  the workpiece should satisfy the vol- 

ume constancy and the boundary condi t ion ; On 

the surface of  workpiece, the material should not 

flow across the die surface. Assuming that the 

punch moves downward  at unit velocity, the axial 

velocity (7~ and the axial strain rate are given by 

as the fol lowing equation.  

( L =  -~-z (l) 
Here, t represents the height of  workpiece and z is 

the axial coordinate.  

2.1 Velocity fields for axisymmetric  part 

A) For deformation zone ] 
This zone is bounded by two symmetric planes, 

a neutral surface and an inner surface as shown in 

Fig. 1. In this zone, we assume that the circumfer- 

ential velocity and radial veloci ty(at  r = r ~ )  are 

zero. Tile velocity field for this zone is given as 

fol lows : 

% u0 0 

Using solid billets, the inner surface does not exist 

and this zone is not needed. 

2.2 Velocity fields for inner part 
A) For deformation zone ][-1 
In this zone, the workpiece contacts with the 

die surface FG, so we assume that the radial 

velocity is zero. The velocity field for this zone is 

given as follows : 

U (fr--O, Uo=~rO 

B) For deformation zone ] l -2  
At the boundary  of  this zone, we assume that 

the circumferential  velocity Uo,H 1-- Uo,l~ "e where 

0--01,  U0,11_e=0 where 0 0 and the radial 

velocity Ur,H-~=U,.j t  2 = 0  where r rn. The 

velocity field for this zone is given as follows : 

Ur 2t\ r / k a - & / '  

! ce- 01 

As shown in Fig. [ (d) ,  ( e ) , i f  11 1 zone is not 

needed, the velocity fields for this zone is given as 

fo l low : 

2.3 Velocity fields for fillet part 
A) For deformation zone HI-1 
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(a) Involute spur gear 

The  boundary  condi t ion  in this zone is that the 

normal  velocity to the die surface should be zero. 

The velocity field for this zone is given as fol- 

lows : 

u "  r ~,, T. / u -  r _ C m  ~\ . ~7-+_c,;~_, Uo-~ --ri-* =;:--)~o~o UT= 

Where, ~m-1  = /t-k~-i2~)~ ] ~ - T { - k - ~ 7 - - & ]  and 

co t~  should be expressed as the function of  radius 

r as the fo l lowing equat ion.  

( r ~ +  4 2 ~ 2 z 2 ~?) - ( r  ~7) (r -rr)[(2rj+ r,.)~-r '] 
cot~o 2 ( r , . + r j ) 2 v ~ [ ( 2 r z + r ~ ) 2  l,z] 

B )  F o r  d e f o r m a t i o n  z o n e  H ] - 2  

The boundary  condi t ions  for this zone is that 

(b) Trapezoidal spline (d) Serration 

(c) Square spline (e) Trochoidal gear 

Fig. 1 Schematic drawing of half pitch for each components. 
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Uo, v -  Uo, w for 0 =  & and Uo=O for O=a. So we 
can assume that the circumferential velocity is 

distributed as a l inear function of angle O. The 

velocity field for this zone is given as follows : 

U _ U r  4 C, Csv C2 + Cm 
~ - - 2 [  2 t r  ( a  O1) ~ a - -  (']s Y Y ' 

a O / u r _ C m  "e\ _+ 
~:o= ~: 0+ k T / - + - - 7 - )  c~ 

C,= ~ d  ( / -  r~) [ ( 2 r i o  

2, /rs(r~+ rs) ) 
I z C z = ~ ( t a n  A r r a n  1/-7)+sin 1 

( / ( 2 ~ ? + r , ) Z - r  2) ( ' ( r  z rf)[(Z~?+r~)2-r  2] 
~ ~  ] 4(~', Or2 ~ 

A = (2rs+r~)~/(2rs+r~)2- / 'e+4~7(r~+rz)  
r , . ( r  + r~) 

B =  ( 2 r i + r ~ ) ~ / ( 2 ~ 7 + r ~ ) 2 - r ~ - 4 r j ( r , - + r r )  
r ,  ( r ~ -  r~) 

2.4 Velocity fields for tooth part 
A) For deformation zone IV-I 
The workpiece contacts with the die surface as 

shown in Fig. I. The normal  velocity to the die 

surface should be zero. The circumferential veloc- 

ity on the involute curve could be assumed as a 

function of radius r only and it is a function of 

two variables, radius r and angle 8 in the deform- 

ing zone. The velocity fields for each tooth shape 

are given as follows : 

@ involute spur gear : U o = U ~ ( O - & + r  
@ trapezoidal spline : Uo= Uvtan7 

@ square spline : Uo-U~tanz  
@ serration : Uo= U:,-tan7 

y2 t~ " b 
@ trochoidal gear : Uo U~ 

d (a ~ -  r ~) ( r  2 - b ~) 

where, e r - t a n  l ~ r ~ ,  7 cos 1. ' / ' r a -  O-()+"2sin2r 
Yt, T 

( r .  ~ 
z = s i n - t [ . ~ i n / 2 J ,  a ,'p + M ,  b =  r~ M. 

By using these equat ions and volume con- 

stancy, the velocity components  for each direction 

are given as follows : 

ur  Csv-1 @ involute spur gea r :  U,-= 3t + r z ' 

U [ N F  , 

IT  - -  ~17" , C t  - i  @ trapezoidal spline : , ~ , . - - 7 7 - +  r + 

U o _ (  ' [ r  , C i~  l ) t an~ ,  , 
- \ 2 t *  

@ square spl ine"  Ur=~r-tr-+ Cs r 1, 

U __{ ur  . Cs~-t)tan)2 
~  * 

IT  l g r  , Csv-t  @ s e r r a t i o n  ,~, ~[--1- _ 

U o = (  ~7 + C',~-t )tan 7 

l f Y  , Us l @ trochoidal gear: U ~ = ~ 4  r ' 

UO__( l][?'* , C I ; - 1  
y 2 - -  (l . b 

- t ,  2t * / 

Where, Csv i is a constant value determined by 
the boundary condition. As shown in the above 
equations, velocity fields for gear-like compo- 
nents are [unctions of tooth profile only. 

B) For deformation zone 1~"-2 
We can assume that the circumferential velocity 

is distributed as a l inear function of angle 0. The 

radial  velocity component  should be zero on the 

symmetric plane. By the assumption and the 

boundary  condit ion,  the velocity fields for this 

zone are given as follows : 

@ involute spur gear 

U ' = - ~ t + C R (  ur6, C ~ v , )  

+ f,,,[ u [ r t a  n ILD r b  /7) "~ 
~'+L U k  ~- ...... -TTr ...... ) 

1 l C s v  2 
+ C , v  i ( `  tan-  R ~ o , + ~ ) ] ~  r 

a - O  (_z~. + _ % )  (/nveR+ r r) U~ e -  (&+ DzveR) 

Where, R ...... ~7r2 r~ 
~'b 

inveR ,, 1 
CR= a -  ( & +  i~vr ' C~= a -  ( & + i n v r  

C I C;' , C , l  t "  C'2 
'~ ~= ;~=0 ;  2 7  - •  a~O+ +C,,,  .~ 

CR(. ur26t CsV-,ri ~, ) 

inveR R,/R 2-- ra tan < 
rb rb 

@ trapezoidal spline 
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u r  u C L  ~/"r ~ Cf_ 
U ~ = 2 l  2 t r ( ~ - O  

+ ~ } _ t a n . _ , ( 7  a .  ~_~ C , ~  
tt - -P) \ , / r  C~/  r 

3e l u r  . C ,~  ~ \ 0 . 
: t 2 V +  

Where, CL O0"sin~b 

@ square spline 

~T u r  . C',v 1 .sin l(r/-sinjq) 

Csv-e z, k~ ) / r" sin~vl';5 " -JT~sin2~'~ + 
r 21 (/5'- cp) - 

U _  0 f u r  Ct~ . -~  \ .  

@ trochoidal gear 

u "  r , u Ca .  Cs~-2 . C4�9 C.,-2 
U 

 =->2i-* 777r . y 

Oo O / u "  r , C , , , - ~  r "~-a" b .... ,- 

,/Ta ~ - H) ( H - b ~) 
Where, C:~ 2 

+ ( b  '~ - a  2 

2 " "  V a  2 - : ? z  

. . _ / a 2 _  .2 I 
C4:SIH I~/~i,.-~---~W )_(tan ICk 

-- tan-~D~.) 
( b ~ _  a ~ _  a , / h ' ~ -  / ' )  . ()>:_-?y-, 

C ' e -  b (b  2 -  r ~) ' 

( b e - a * e + a , [ ~ / ~ Z i ; ~ )  . , / r  ~ b ~ 
De  = b ( b "e - r 2) 

3. Results  and Discussions 

A kinematically admissible velocity field for 

forging of gear like components has been 

proposed. Relative average punch pressures were 

determined. For each component, the thickness of 

product is 10 mm, the height of tooth is 2.25M 

and constant friction factors are considered. The 

upper bound solutions were compared with exper- 

imental results. All analyses were performed by 

using mechanical properties of" AI 2024 and AI 

2218 aluminum alloy. The flow stress at room 

temperature was modeled with the Ludwik-Hol- 

lomon equations : 

6 =358.00(g)  ~ IMPal,  
g -352.48 (g) 0.232 [MPa] 

The calculated solutions for three components 

were compared with experimental inspections. By 

using AI 2024 alloy, forging load of' involute spur 

gear with number of 15 teeth was plotted versus 

height reduction as shown in Fig. 2. In Figs. 3 

and 4, forging loads of trapezoidal spline and 

trochoidal gear with 12 teeth by using AI 2218 

were plotted, respectively. At the final step, the 

calculated loads are higher than those of the 

experiment. This means that the solutions from 

the proposed velocity fields are useful to deter- 

mine the capacity of forging equipment. As 

shown in the figures, there are differences in 

height reduction between theoretical and expert- 

(a) Solid involute gear 

Fig. 2 
(b) Hollow involute gear 

Comparison of load between analysis and 
experiment for involute spur gear. 
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(a) Solid trapezoidal spline (a) Solid trochoidal gear 

Fig. 3 
(b) Hollow trapezoidal spline 

Comparison of load between analysis and 
experiment for trapezoidal spline. 

mental results. It seems to be caused by elastic 

deformation of the die, elastic spring back of the 

workpiece and backward extrusion through the 

clearance between the die and the punch. The 

backward extrusion is the most likely cause of the 

difference. The inner radius of hollow billets 

varied during forging operation. The inner radii 

of analyses and experiments decrease during the 

forging process as shown in Fig. 5. The variation 

of inner radius, which was determined by the 

location of a neutral surface, is well predicted by 

the proposed approach, If the ratio of diameter 

(Di/Do) is small, the inner hole is closed at the 

Fig. 4 
(b) Hollow trochoidal gear 

Comparison of load between analysis and 
experiment for trochoidal gear. 

final step as shown in the Fig. 6. At the final step, 

the load of a hollow billet is lower than that of a 

solid billet as shown in Figs. 2, 3 and 4. Thus, the 

larger inner radius of a billet would lead to less 

forging load. Based on the above finding, the 

maximum initial inner radius without buckling is 

recommended to reduce the forging load. 

In Fig. 7, calculated solutions were compared 

with experimental results for forging of square 

spline with 6 teeth by using hollow and solid 

billets of A1 2218. The calculated load is higher 

than that of experiment until 10% height reduc- 

tion, but as the height reduction exceeds 10%, the 
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Fig. 5 Variations of inner and neutral radius during 
forging with hollow billet. 

(a) Solid square spline 

Fig. 6 Photographs of forged solid and hollow spur 
gear. 

calculated load becomes lower. It seems that the 

difference in the shape of free flow surface 

between analysis and experiment is the cause of 

the aforementioned result. Actual shape of free 

flow sur(ace is hyperbolic, while the ene used in 

the analysis is a circle centered at gear center O. 

This discrepancy is more serious for forging of a 

component with smaller ratio of tooth height to 

width (h/w) such as a square spline. Therefore, 

the free flow surface may be assumed as a circle 

only for l~orging of component with the large h/w 

ratio. 

It was shown that forged square splines by 

using a hollow billet with 6 teeth in Fig. 8. The 

Fig. 7 
(b) Hollow square spline 

Comparison of load between analysis and 
experiment for square spline. 

Fig. 8 Photographs of forged square spline for each 
step. 

inner radius was reduced by the metal flow 

toward the center of half pitch, if the number of 
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teeth is small, the neutral surface profile is not a 

circle but a polygon and cracks were observed 

inside the surface of the workpiece, that the cracks 

seems to be initiated by stress concentration at 

apexes of the polygon corresponding to the sym- 

metric plane. The suggested upper bound analysis 

is useful to predict the forging load of large the 

number of teeth. For forging of the small number 

of teeth, it is better to assume the neutral surface 

as a polygon with apexes that are same with the 

number of teeth. To fill up the die cavity, extru- 

sion is more effective than forging to produce a 

component with small ratio of tooth height to 

width such as square spline. 

4. Conclusion 

The kinematically admissible velocity has been 

proposed for forging of gear like components. By 

using the suggested method, the velocity fields 

have been proposed and numerical calculation 

program was established. From numerical calcu- 

lations and experimental inspections, following 

conclusions can be drawn : 

(1) The kinematically admissible velocity 

fields for forging of gear-like components by 

using solid and hollow cylindrical billets have 

been proposed. From the suggested method, the 

velocity fields for each shape have been derived. 

(2) For the large ratio of tooth height to 

width, the calculated results from the proposed 

velocity fields are in good agreement with the 

experimental one. To fill up the die cavity for the 

small ratio of tooth height to width such as a 

square spline, extrusion is more effective than 

forging. 

(3) For components with large the number of 

teeth, it was found that the neutral surface was 

assumed as a circle. For the small number of 

teeth, it was found that the neutral surface is a 

polygon with apexes that are same with teeth in 

number. 

(4) For forging of components with tile small 

ratio of tooth height to width, the shape of free 

flow surface has to be considered as a curve 

whose center velocity is faster than that of side. 
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